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Abstract
The energy of the charge-exchange Anti-analog Giant Dipole Res-
onance (AGDR) has been calculated for the 208Pb isotope using the
state-of-the-art fully self-consistent relativistic proton-neutron quasi-
particle random-phase approximation based on the Relativistic Hartree-
Bogoliubov model. It is shown that the AGDR centroid energy is very
sensitively related to the corresponding neutron-skin thickness. The
neutron-skin thickness of 208Pb has been determined very precisely by
comparing the theoretical results with the available experimental data
on E(AGDR). The result ∆Rpn = 0.161±0.042 agrees nicely with the
previous experimental results.
PACS: 24.30.Cz, 21.10.Gv, 25.55.Kr, 27.60.+j
1 Introduction
A precise measurement of the thickness of neutron skin is important not only
because it represents a basic nuclear property, but also because it constrains
the symmetry-energy term of the nuclear equation of state [1, 2, 3, 4, 5, 6].
A detailed knowledge of the symmetry energy is essential for describing the
structure of neutron-rich nuclei, and for modeling properties of neutron-rich
matter in nuclear astrophysics applications. The Pb Radius Experiment
(PREX) using parity-violating elastic electron scattering at JLAB [4] has
initiated a new method to determine the neutron skin thickness of nuclei.
Presently the most precise value for the neutron-skin thickness has been
obtained from a high-resolution study of electric dipole polarizability αD in
1
208Pb [2], and a respective correlation analysis of αD and ∆Rpn [6]. Measuring
the strength of the giant dipole resonance in the whole energy range turned
out to be an excellent tool for determining αD.
The excitation of the isovector giant dipole resonance by an isoscalar
probe, in particular inelastic α scattering, was also used to extract the
neutron-skin thickness of nuclei [7, 8]. The cross section of this process de-
pends strongly on ∆Rpn. Another tool used earlier for studying the neutron-
skin thickness is the excitation of the isovector spin giant dipole resonance
(IVSGDR). The L=1 strength of the IVSGDR is sensitive to the neutron-skin
thickness [9, 10].
Vretenar et al. [11] suggested another new method for determining the
∆Rpn by measuring the energy of the Gamow-Teller Resonance (GTR) rela-
tive to the Isobaric Analog State (IAS). Constraints on the nuclear symme-
try energy and neutron skin were also obtained recently from studies of the
strength of the pygmy dipole resonance [12, 13].
In this article we suggest a new method for determining the thickness of
the neutron skin, based on the measured energy of the anti-analog of the
giant dipole resonance (AGDR) [14].
2 On the energy of the AGDR
We have used two sum rules for calculating the energy of the AGDR. The
non-energy-weighted sum rule (NEWSR), which we used in an earlier study
based on the IVSGDR [9, 10], is valid (apart from a factor of 3) also for the
giant dipole resonance excited in charge-exchange reactions and predicts an
increase in strength as a function of the neutron-skin thickness:
S− − S+ =
9
2π
(N〈r2〉n − Z〈r
2〉p) , (1)
where S− (S+) denotes the integrated β− (β+) strenghts, N and Z are the
neutron and proton number and 〈r2〉n and 〈r
2〉p represent the mean-square
radii of the neutron and proton distributions, respectively.
Auerbach et al. [15] derived an energy-weighted sum rule (EWSR) also for
the dipole strength excited in charge-exchange reactions. The corresponding
energies are measured with respect to the RPA ground-state energy (IAS
state) in the parent nucleus. The result of this EWSR is almost independent
of the neutron-skin thickness [15].
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∫
(E−s−)dE +
∫
(E+s+)dE =
3
4π
(h¯2/m)A(1 + κ + η) , (2)
where s− (s+) denotes the energy dependent β− (β+), strenghts, m is the
nucleon mass, A is the atomic number and κ is the usual dipole enhancement
factor, which for a Skyrme force is equal to:
κ = ((h¯2/m)A)−1(t1 + t2)
∫
(ρn(r)ρp(r))d
3r (3)
where ρn(r), and ρp(r) are the neutron and proton densities, respectively.
The correction term η is:
η = ((h¯2/2m)A)−1
1
8
(
(t1+t2)
∫
(ρn(r)−ρp(r))
2d3r+
1
3
∫
r2Vc(r)((ρn(r)−ρp(r))d
3r
)
,
(4)
where t1 and t2 are parameters of the Skyrme potential [16] and Vc is the
Coulomb potential.
If one neglects the S+ strength as compared to the S− one, and assumes
that the whole S− strength is concentrated in one single transition, then
the mean energy of the dipole state should decrease with increasing dipole
strength and therefore with increasing neutron-skin thickness in consequence
of NEWSR.
EAGDR =
3h¯2A
8πNmRp
1
∆Rpn +
√
〈r2〉p(N − Z)/2N
(5)
The strong sensitivity of the AGDR energy on ∆Rpn was noted also by
Krmpotic´ [17] in a study that used the random-phase approximation (RPA).
In the present work, we perform systematic calculations for the centroid
energy of the AGDR using the framework of relativistic nuclear energy-
density functionals. Effective interactions that span a wide range of the
symmetry energy at saturation density are used to demonstrate the sensi-
tivity of AGDR in constraining the neutron-skin thickness. Model calcula-
tions are carried out using the fully self-consistent relativistic proton-neutron
quasiparticle random-phase approximation (pn-RQRPA) based on the Rela-
tivistic Hartree-Bogoliubov model (RHB), and the results are compared to
available data.
3
3 Isovector giant resonances excited by (p,n)
reactions
The first identification of a dipole transition excited in (p,n) reactions was re-
ported by Bainum et al.[18] in the same paper in which they reported a strong
excitation of the Gamow-Teller giant resonance (GTR) in the 90Zr(p,n)90Nb
reaction at 120 MeV. They observed a broad peak at an excitation energy of
9 MeV above the GTR with an angular distribution characteristic of ∆L = 1
transfer. This excitation energy is about 4 MeV below the location of the
T = 5 analog of the known GDR in 90Zr, and thus it was suggested that this
state is the T = 4 anti-analog of the GDR. The relevant states of the target
and its isobaric daughter nucleus are illustrated in Fig. 1.
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Figure 1: The ground state and the GDR of the target nucleus (Tz = T0)
and their analog (isospin=T0) and anti-analog states (isospin=T0− 1) in the
daughter nucleus (Tz = T0 − 1) excited in a (p,n) reaction.
The strength of the E1 excitation is divided into T0 − 1, T0 and T0 + 1
components because of the isovector nature of the (p,n) reaction. T0 is
the ground-state isospin of the initial nucleus. From the relevant Clebsch-
Gordan coefficients [19] one finds that the T0 − 1 component (AGDR) is
favored with respect to the T0 and T0 + 1 components, by factors of T0 and
2T20, respectively.
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Dipole resonances were studied systematically in (p,n) reactions at Ep =
45 MeV by Sterrenburg et al. [14] using 17 different targets from 92Zr to
208Pb. Nishihara et al. [20] measured also the dipole strength distributions
at Ep = 41 MeV. It was shown experimentally [21, 22] that the observed
∆L= 1 resonance was in general a superposition of all possible spin-flip
dipole (IVSGDR) modes and the non-spin-flip dipole AGDR. According to
Osterfeld [19] the non-spin-flip/spin-flip ratio is favored at low bombarding
energy (below 50 MeV) and also at very high bombarding energy (above
600 MeV). Properties of the IVSGDR were investigated further by Gaarde
et al. [24] using (p,n) reactions on targets with mass of 40 ≤ A ≤ 208,
and by Pham et al. [25] using (3He,t) reactions. In every spectrum a peak
was observed at an excitation energy several MeV above the GTR, with an
angular distribution characteristic of ∆L = 1 transfer.
4 Theoretical analysis
The theoretical analysis is performed using the fully self-consistent pn-RQRPA
based on the RHB model [26]. The RQRPA was formulated in the canoni-
cal single-nucleon basis of the RHB model in Ref. [27] and extended to the
description of charge-exchange excitations (pn-RQRPA) in Ref. [28]. The
RHB + pn-RQRPA model is fully self-consistent: in the particle-hole chan-
nel, effective Lagrangians with density-dependent meson-nucleon couplings
are employed, and pairing correlations are described by the pairing part of
the finite-range Gogny interaction [29].
For the purpose of the present study we employ a family of density-
dependent meson-exchange (DD-ME) effective interactions, for which the
constraint on the symmetry energy at saturation density was systematically
varied: a4 = 30, 32, 34, 36 and 38 MeV, and the remaining model parame-
ters were adjusted to reproduce empirical nuclear-matter properties (binding
energy, saturation density, compression modulus), and the binding energies
and charge radii of a standard set of spherical nuclei [30]. These effective
interactions were used to provide a microscopic estimate of the nuclear-
matter incompressibility and symmetry energy in relativistic mean-field mod-
els [30], and in Ref. [12] to study a possible correlation between the observed
pygmy dipole strength (PDS) in 130,132Sn and the corresponding values for
the neutron-skin thickness. In addition to the set of effective interactions
with Knm = 250 MeV (this value reproduces the excitation energies of giant
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monopole resonances) and a4 = 30, 32, 34, 36 and 38 MeV, the relativistic
functional DD-ME2 [31] is used here to calculate the excitation energies of
the AGDR with respect to the IAS, as a function of the neutron skin. Per-
tinent to the present analysis is the fact that the relativistic RPA with the
DD-ME2 effective interaction predicts for the dipole polarizability [2]
αD =
8π
9
e2 m−1 (6)
(directly proportional to the inverse energy-weighted moment m−1) of
208Pb
the value αD=20.8 fm
3, in very good agreement with the recently measured
value: αD = (20.1± 0.6) fm
3 [2].
5 Determination of the neutron-skin thick-
ness of 208Pb
To explore the sensitivity of the centroid energy of the AGDR to the neutron-
skin thickness of 208Pb, we have performed RHB + pn-RQRPA calculations
using a set of the effective interactions with different values of the symmetry
energy at saturation: a4 = 30, 32, 34, 36 and 38 MeV (and correspondingly
different slopes of the symmetry energy [5]) and, in addition, the DD-ME2
effective interaction (a4 = 32.3 MeV). In Fig. 2, the resulting energy differ-
ences E(AGDR) − E(IAS) are plotted as a function of the corresponding
neutron-skin thickness ∆Rpn predicted by these effective interactions.
The experimental data for the AGDR in 208Pb was taken from Sterren-
burg et al. [14] (E(AGDR) − E(IAS) = 8.97 ± 0.20 MeV), but slightly
increased to E(AGDR) − E(IAS) = 9.12 ± 0.20 MeV in order to approxi-
mately compensate the effect of the energy shift caused by the mixing with
the IVSGDR.
Austin et al. [22] developed a phenomenological model to describe the
variation with bombarding energy of the peak positions of the AGDR and
IVSGDR observed in (p,n) reactions. They assumed that the position C of
the centroid of the L=1 excitations (including both the AGDR and IVSGDR)
at a bombarding energy Ep is given by the weighted average of the energies:
C =
σ0E0 + σ1E1
σ0 + σ1
= E0 −
σ1/σ0
1 + σ1/σ0
∆ , (7)
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Figure 2: The difference in the excitation energy of the AGDR and the IAS for
the target nucleus 208Pb, calculated with the pn-RQRPA using five relativis-
tic effective interactions characterized by the symmetry energy at saturation
a4 = 30, 32, 34, 36 and 38 MeV (open squares), and the interaction DD-ME2
(a4 = 32.3 MeV) (star). The theoretical values E(AGDR)−E(IAS) are plot-
ted as a function of the corresponding ground-state neutron-skin thickness
∆Rpn, and compared with the experimental value.
where ∆ = E0 − E1 and σ0(σ1) is the cross section for S=0 (S=1) transfer.
They estimated the σ1/σ0 ratio by : σ1/σ0 ≈ (Ep(MeV )/55)
2 [22] and ob-
tained the energy of the EAGDR−EIAS in
208Pb to be 11.0 ± 1.5 MeV, which
is completely different from any theoretical prediction [22].
In reality, the centroid of the dipole strength distribution is usually de-
termined by fitting the distribution by a Gaussian or a Lorentzian curve and
not calculated numerically. This makes a large difference in case of 124Sn
where the widths of the AGDR and the IVSGDR are very different, 3.6 MeV
[14] and 9 MeV [25], respectively.
In order to determine the energy shift of the AGDR peak at Ep = 45
MeV from the real peak energy, we simulated the mixing of the AGDR and
IVSGDR by using their real widths of 2.9 MeV and 8.9 MeV, their intensity
ratio as approximated by Austin et al. [22], and their energy difference of
7
∆=3.13 MeV obtained from Ref. [14] and from Ref. [23]. The composite
spectrum was then fitted by a Gaussian curve in a reasonably wide energy
range (± 5 MeV around the position of the peak) and an energy shift of 0.15
MeV was obtained for the AGDR. Thus, the corrected energy of the AGDR
is: EAGDR −EIAS = 24.14 - 15.17 + 0.15 = 9.12 ± 0.2 MeV.
We plan to measure the EAGDR − EIAS energy difference more precisely
by observing the γ-transition from the AGDR to the IAS. This transition
is expected to be as strong as the γ-decay of the well known GDR to the
ground state.
The two parallel solid lines in Fig. 2 delineate the region of theoretical
uncertainty for the set of effective interactions with a4 = 30, 32, 34, 36 and
38 MeV. An uncertainty of 10% was used for the differences between the neu-
tron and proton radii for the nuclei 116Sn, 124Sn, and 208Pb in adjusting the
parameters of these interactions [30, 31]. They were also used to calculate the
electric dipole polarizability and neutron-skin thickness of 208Pb, 132Sn and
48Ca, in comparison to the predictions of more than 40 non-relativistic and
relativistic mean-field effective interactions [6]. From the results presented
in that work one can also assess the accuracy of the present calculations.
By comparing the experimental result for E(AGDR) − E(IAS) to the
theoretical calculations (see Fig. 2), we deduce the value of the neutron-
skin thickness in 208Pb: ∆Rnp = 0.161 ± 0.042 fm (including theoretical
uncertainties). In Table I the value for ∆Rnp determined in the present anal-
ysis is compared to previous results obtained with a variety of experimental
methods. Very good agreement has been obtained with previous data, thus
reinforcing the reliability of the present method.
6 Conclusion
Using the experimental results from Ref. [14] for 208Pb and the RHB+pn-
RQRPA model, we deduce the following values of the neutron skin: ∆Rpn=
0.161 ± 0.042 fm for 208Pb. The agreement between the ∆Rpn determined
using measurements of the AGDR-IAS and previous methods is very good.
In particular, the present study supports the results from very recent high-
resolution study of electric dipole polarizability αD in
208Pb [2], respective
correlation analysis of αD and ∆Rpn [6], as well as the Pb Radius Experiment
(PREX) using parity-violating elastic electron scattering at JLAB [4]. The
method we have introduced provides not only stringent constraint to the
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Table 1: Neutron-skin thicknesses of 208Pb determined in the present work
compared to previously measured values.
Method Ref. Date ∆Rpn (fm)
(α, α’) GDR 120 MeV [7] 1991 0.19 ± 0.09
(α, α’) GDR 200 MeV [10] 2004 0.12 ± 0.07
antiproton absorption [32] 2007 0.20 ± 0.09
pygmy res. [12] 2007 0.180 ± 0.035
(p,p) 0.65 GeV [33] 2010 0.21 ± 0.06
pygmy res. [34] 2012 0.194 ± 0.050
(~p,~p ′), EDS [2, 34] 2012 0.156 ± 0.050
parity viol. (e,e) [4] 2012 0.330 ± 0.170
AGDR pres. 2012 0.161 ± 0.042
neutron-skin thicknesses in nuclei under consideration, but it also offers new
possibilities for measuring ∆Rpn in rare-isotope beams, which was tested
recently [35].
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